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ADV ER IO EMS NI. 


I HE following Paper, delivering geometrically the Doctrine of Univerſal 
Compariſon, or General Proportion, contains the geometrical inveſtigation 
of a theorem infinitely more general than another theorem, of which (when 
it is ſuppoſed to become numerical, or is applied to the algebraical values of 
magnitudes) the famous binomial theorem given by Sir Iſaac Newton is only 
a particular caſe ; with a variety of other new theorems : ſhewing alſo the 
connection between the different abſtract ſciences, viz. Geometry, Algebra, 


and Arithmetic, as derivable from the ſame principles. 


It is written with an intention to extend the conſideration of a new ſubje& 
in mathematical ſcience, of which the Author has given a curſory view, in a 
Paper read before the Royal Society the 6th of March, 1777, and publiſhed 
in the Philoſophical Tranſactions; and to ſerve as an introductory paper to 
ſeveral ſubſequent ones, in which, amongſt other things, he purpoſes to de- 
liver the Geometrical Inveſtigation of the Doctrine of Fluxions, Increments, 


and the Meaſures of Ratios, the Summation of Infinite Series geometrically, 
&c. &c. 


— 


on” 5”. 206 


#3 


3 


AVING, in a Paper read before the Royal Society the 6th of March 
H 1777, and publiſhed in the Philbſophical Tranſactions, given the de- 
monſtration of a general geometrical formula, for finding and expreſſing a 
magnitude of the ſame kind with any two homogeneous magnitudes a and B, 
which ſhall have to s any multiplicate ratio of A to B, or a ratio compounded 
of the ratios of A to B, c to p, E to F, G to h, &c. ſuppoſing A and B, 
e and o, E and r, c and H, &c. taken two and two, to be magnitudes of 
the ſame, but of any kind; as alſo of a formula, for finding and expreſſing, 
geometrically, a magnitude of the ſame kind with any two homogeneous 
magnitudes A and 3, which ſhall have to A any multiplicate ratio of ; to 4, 
or a ratio compounded of the ratios of B to A, c to p, E to r, G to H, &c. 
ſuppoſing B and a, c and p, E and r, c and k, &c. taken two and two, to 
be magnitudes of the ſame, but of any kind: I now intend to give the 
geometrical inveſtigation of general formulæ, for finding and expreſſing 
magnitudes of the ſame kind with any two homogeneous magnitudes A and 


B * B, having 
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B, having to B and A, ratios ariſing from the decompoſition of the ratios of 
c to D, E to F, & to h, &c. with the ratios of A to B and 3 to A ſeparately 
taken, or from the decompoſition of any multiplicate ratio of a to B, with 
ö the ſaid ratios of a to B and 3 to a ſeparately taken; both being neceſſary 
tor underſtanding rightly the great variety of general theorems or formulæ 
contained in this paper, which I ſhall have occaſion frequently to refer to, 
| and make uſe of, in many ſubſequent ones, that I propoſe to deliver on the 
following ſubjects, amongſt others, as time and leiſure from the buſineſs of 
an active and complicated profeſſion will permit me. 
iſt, To inveſtigate the geometrical principles of what is uſually called the 
doctrine of fluxions, or to deliver a method of reaſoning geometrically, 


without any conſideration of motion or velocity. 


2dly, To inveſtigate the geometrical principles of increments, or to deli- 
ver a method of reaſoning geometrically on increaſe and decreaſe, in all the 
poſſible degrees of magnitude. 

3dly, To inveſtigate the geometrical principles of the doctrine of the mea- 
ſures of ratios, or to deliver a method of reaſoning geometrically on the 
quantities of, or the various degrees of, magnitude in ratios. 

4thly, To deliver a method of ſumming infinite ſeries geometrically. 

5thly, To deliver the geometrical ſolutions by methods as ſtrictly ſo, as 
any of thoſe made uſe of in Euclid, of a great number of general problems 
ſimilar to the following one, which muſt lay open a new and extenſive field 
in ſolid geometry, and tend to unfold the great deſiderata on that ſubject, 
hitherto ſought for in vain, both by ancient and modern geometers. 

Having any right line a whatever given; to find two cubes A B C 
or ſimilar ſolids, which together ſhall have to the cube, or ſimilar 
ſolid, on the given line a, any ratio whatever of the ratio of any 
two homogeneous magnitudes B and c. Thus, for inſtance, if B | 
be equal to e, the problem becomes this; to find geometrically two cubes, 
which together are equal to the cube on the given line a. If 3 be to c as V3 
to one, and the ratio of the two cubes, or ſimilar ſolids, required to be found, 
to the cube or ſimilar ſolid on 4, be to the ratio of 3 to c, as 2 is to 1, the 
problem becomes this; to find two cubes or ſimilar ſolids, which togecher are 
equal to thrice the cube or ſimilar ſolid on the given line A. If the ratio of 


5 ſolid 
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applicable to every purpoſe, to which the doctrine of fluxions can be applied, 


the two cubes or fimilar ſolids, required to be found, to the cube or ſimilar 
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ſolid on a, be to the ratio of 83 to e, as 5 is to 1, the problem becomes 
this; to find two cubes or ſimilar ſolids, which together have to the cube on 
A, the quintuplicate ratio of B to c, In the ſame manner may examples, 
which are innumerable, be multiplied without end. The ſolution of this 
general problem, with thoſe of a variety of ſimilar, though ſomewhat diffe- 
rent ones, reſpecting ſolid geometry, from the principles delivered in the 
elements of Euclid, occurred to me ſome time ago. And, although I am 
not ſenſible, that any geometer, either amongſt the ancients or moderns, has 
ſolved even one of the ſimpleſt caſes, namely, that of finding two cubes 
equal to any given cube, certain it is, that Euchd himſelf might have done 
it. Had he diſcovered the ſolution of it however, he undoubted]y would have 
given it. The general theorems or formulæ delivered in this paper, will 
greatly extend the application of ſuch ſolutions, and mult of courſe, on 
this head, become the objects of future references. | 

I ſhall likewiſe have occaſion to refer to them frequently on a variety of 
other ſubje&s, which it is unneceſſary at preſent to enumerate. 


When 1 ſpeak of magnitude in this paper, I wiſh to be underſtood as 
taking it in its general, abſtracted, unlimited, and metaphyſical acceptation, 
viz. to be whatever admits of more or leſs, of increaſe or decreaſe. By 
quantity, I mean the degree of magnitude, When I mention the ſum of 
magnitudes, or ſpeak of them as additive or ſubtractive, I only mean, that 
they are to be taken with, or from, other magnitudes of the ſame kind. 


The figns plus and minus are only intended to denote ſuch aggregates and 


differences, or to connect magnitudes together in theſe relations, and by no 
means to convey any numerical ideas in the following theorems, or formulæ, 
or to imply in themſelves any ſort of myſtery, or even me ning independent 


c — 5 AB A — B]* | 
„ &c. 


of the magnitudes thus connected. By A. y A 6 A. f 


I mean a fourth proportional to o, c—D and a; a fourth proportional to B, 
A—B and A; a fourth proportional to B, a—B anda — & c. reſpectively. 


I am obliged to have recourſe to ſuch expreſſions in the formulæ, which 
ought not on any account to be conſidered as algebraic, as it is impoſſible to 
expreſs them by means of geometrical ſchemes or figures, in ſuch a way, 

as to be ſufficiently or clearly underſtood. 
Geometry is the only branch of mathematical, or abſtra& ſcience, that 
B 2 conſiders 
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conſiders different ſorts of dimenſions, or treats of magnitudes that are hete- 
rogencous, or of different kinds. The diverſities however of dimenſion 
and magnitude, even in it, are, in reſpect of kind, only three, which we 
derive our ideas of from body, and the exerciſe of our external ſenſes. And 
as every object, with which we are ſurrounded in life, partakes of all the 
three, it has perhaps very fitly been called y:wjprua, or geometry, although 
one of the moſt extenſive parts of it, viz. the doctrine of proportion or 
ratios, knows no diverſity of dimenſion or magnitude in reſpect of kind. 
For all ratios are homogeneous magnitudes, and differ not in kind, but in ö 
degree. How is it otherwiſe poſſible for the ratios of lines to be the ſame ; 
with, or to be equal to, the ratios of ſurfaces and ſolids, as Euclid and almoſt 
all other writers on geometry frequently demonſtrate, fince no equality or 
ſimilitude in point of magnitude, can exiſt between things of different kinds ? 
They never could otherwiſe ſtand to one another in the relations of greater, 
| equal, and leſs. Neither could they ever be brought together by analogy, 
| 


without fimilitude:and homogeneity. The ſimilarity of nature and homo- 

| geneity indeed of ratios, muſt always be the primary, fundamental, and 
4 leading idea in the doctrine of their meaſures. Were ratios, expreſſing the 
| relations of lines, ſurfaces, and ſolids, to be heterogeneous, like the magni- 
tudes themſelves, we never could reaſon from the relations of lines to 
thoſe of ſurfaces, nor from the relations of ſurfaces to thoſe of ſolids. And 
as magnitudes cannot poſſibly exiſt in any other relations to one another, in 
reſpe& of quantity, than thoſe of greater, equal, and leſs, Euclid, after 
calling ſuch relations ratios, founds his definition of proportionality amongſt 
magnitudes, on the application of this idea to their multiples; and after de- 
fining ratios in theſe three different relations, defines analogy to be the ſimi- 
litude of ratios. I cannot therefore help obſerving on this occaſion, that, | 
had the learned Dr. Barrow, and the very acute and able Geometer Profeſſor * 
Robert Simſon of Glaſgow, conſidered theſe particulars with a little more 9 
metaphyſical accuracy and attention, they would have omitted the obſerva- 
tions they have made, reſpecting Euclid's third and eighth definitions on 
this ſubject, the one in regard to their inutility, and the other their illegiti- 
macy. In like manner, in algebra and arithmetic, all magnitudes are homo- 
geneous, or of the ſame kind. Thus 6 65, 67, 4 65, &c, are all of them 
magnitudes of the ſame kind with 6, and with each other; and x*, X, x*, x*, x", 
are magnitudes of the ſame kind with x, and with each other, For, other- 


wiſe 
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wiſe they could no more be connected together by the ſigns of addition and 
ſubtraction, than a line with a ſurface, or a ſurface with a ſolid. And ſuch 
equations as y*+32 = 43*+8y, were not , and y magnitudes of the 
ſame kind with each other, and with 4, 8 and 32, would imply the ſame 
abſurdity, as the ſuppoſition of a relation of equality between a right line 
and a ſurface, or between a ſurface and a ſolid. But 6*, 65, 6*, when pro- 
perly conſidered, are numbers, having to 1, ratios or relations, which have 
to the ratio of 6 to 1, the ratios or relations of 2, 3, and 4 to 1 reſpectively ; 
and x*, X', „, x, x", are numbers, having to 1 ratios or relations, which 
have to the ratio of x to 1 ; the ratios of 2, 3, 4, 5 and u to 1 reſpectively. 
For the ideas of multiplication, diviſion, involution and evolution, are more 
vulgar, than accurate or ſcientific. It is likewiſe evident, that ꝝπ x and 
7 —1. **, are only the fluxions of the numbers x* and x"—, and are mag- 
nitudes of the ſame kind with # ; that the binomial theorem given by Sir 
Iſaac Newton, is only in reality an arithmetical one, and that &i, I, 
x+y*, y, are magnitudes of the ſame kind with x and y, numbers hay- 
ing reſpectively to 1, ratios, which have to the ratio of x +y to 1, the ratios 
of 2, 3, 4 and ꝝ to 1. And as ratios or relations may admit of all poſſible 
degrees of increaſe and decreaſe, algebra and arithmetic ought to be equally 


„ 
well acquainted with ſuch expreſſions as 4 /, %, GV, & V &c. 


xs | I 7 5 
6, 5, 88, &c. and with ſuch as a", =, cb, d*, &c. „ 865 &c. 
Geometry, then, is the only branch of abſtract ſcience which treats of hetero- 
geneous magnitudes, or of different ſorts of dimenſions, which are three, viz. 
linear, ſuperficial and ſolid. Our ideas indeed of extenſion, cannot furniſh 
us with any other. And geometry is nothing elſe, than the application of me- 
taphyſics to extenſion, Our reaſonings however with regard to the different 
degrees of quantity, in each of theſe three kinds of geometrical magnitudes, 
and particularly with reſpe& to their properties and relations, are by no 
means confined to three links in the endleſs chain of univerſal compariſon, 
or to the ſimple duplicate and triplicate ratios, as ſeems to have been the 
caſe both with the ancients and moderns, but may be extended indefinitely, 
And as the relations of geometrical as well as of all other magnitudes, are 
magnitudes of the ſame kind with each other, and partake not in the leaſt of 


the 
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the dimenſions, which go to the formation of the different ſorts of extenſion 
and ſolidity, the general laws, which govern our reaſonings reſpecting. them, 
muſt form the baſis, the principles, and ground-work of univerſal metricks, 
applicable to magnitudes of every kind, or to whatever admits of more or 
leſs, of increaſe or decreaſe. But geometry, when properly applied, fur- 
niſhes the inveſtigation of theſe laws or principles in the moſt unexceptiona- 
ble manner, and regulates their endleſsly extenſive applications, thereby 
rendering all our reaſonings by means of them ſtrictly and perfectly geo- 
metrical. 


Having premiſed theſe few obſervations, I now proceed to the demon- 
ſtrative part of this paper : 

Let A, B; c, D; E, r; &c, be repreſented by Mn, No; op, 
N R; NV, NY; &c. reſpectively; and, taken two and two, from the 
firſt incluſively, let them be magnitudes of the ſame, but of any kind. Let 
op, NR be drawn perpendicularly to Ko, or otherwiſe, if in the ſame 
angle; and let the rectangles or parallelograms ny, MR be completed. 
Let LM be a fourth proportional to oy, nR—oP and MN, and let the 
rectangle or parallelogram L be completed. Alſo let L x be a fourth pro- 
portional to NV, NY—Nv and LN; and let the rectangles or parallelo- 
grams L X, K v be completed; and ſo on. 

Then (14. E. 6.) L T being equal to TR, and conſequently L & to M R, 
and LN having to No (I. E. 6.) the ratio of Lor MR to NP, LN 


E 
| a 
R 
T 
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has to No (23. E. 6.) the ratio, which is compounded of the ratios 
of MN to No and NR to oP.— In like manner K being equal 
to wy (14. E. 6.) and conſequently xv to LY; KN has to No 
the ratio, which 1s compounded of the ratios of LN to No and Ny to 
NV (23. E. 6.); that is, the ratio, which is compounded of the ratios of 
MN to NO, NR to or, and NY to Nv. But LN is equal to MN 


NV 


„ and KN is equal to LN+LN, 


NR —OP D 


2 — 722 


— — E. . 
Or £4 4; more + A.— + A. 3 —Whence it appears, that a 


magnitude of the ſame kind with a and B, which has to B, the ratio com- 
pounded of the ratios of a to B and p to c, is expreſſed by a + 


A. — ; and that the magnitude which has to , the ratio compounded of the 


D—C PF —E 
+A. 
D—C F—E 


+A. 7 and ſo on.— Theſe inferences may likewiſe be eaſily drawn 


ratios of A to B, D to e, and F to E, is expreſſed by AA. 


from the above mentioned paper publiſhed in the Tranſactions. Now it is 
clear, that the ratio of Þ to c, compounded with, or taken together with, the 
ratio of A to x, produces the ſame ratio, as the ratio of e to o, decompound- 
ed with, or its inverſe, taken together with the ratio of A to B, Hence it is 
manifeſt, that if (p—1) denote the number of the ratios decompounded 


with the ratio of A to B, either of the two expreſſions a, — A. —.— — &c. 


to (=) terms, + A. —— 


to "TE = ) terms, — + &c, or 


— c N 


to 1 —— terms, + A. + &c. to —.— 


) terms + &c. &c. has to E, a ratio, which is EPA by decom- 
2 

pounding the ratio of c to p, E to F, d to h, &c. continued to the number 

(=), with the ratios of A to B; or by taking the inverſe of the ſame 


together with the ratio of a to B. If the ratios of ctoD, E to F, o to R, 


&c, be reſpectively equal to the ratio of A to B, theſe expreſſions will be- 
come the following ones : 


27 9 - +=, _ Fes. N + . — 22 22 . — + c. 


. 
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2 3 


and | 
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2 — 

and a . A= + FLAY . . + = &Cc. &c. | 

— 4 
EET. EE . ba = tht Bt | 3 
I I I 2 A I 2 3 A * 8 
W I 2 B—A I 2 B—A* b , 
or 0 Er. g H . . . n. f ae. A 
2 A 2 3 a 

2 
and n E=. A322. „ — + — &c. &c. 
| A I 2 3 


All which expreſſions terminate but if the ratios of c to p, E to r, o to R, 
&c. be not, ſeparately taken, equal to the ratio of A to B, but have to it 
reſpectively the ratios of 7 to k, / tom, to o, &c. and v be ſuppoſed equal 


to 7 + — + — + &c. we manifeſtly get the two expreſſions 


3 
— 1 B=A v1 Y==2 Bla)" »» —2 —3 B—A & 
a - 7 x 33 oy 
— . A — — * 0 — . 0 M's &c. 
42 * . ; Ma” "A "ae 


having: -u to B, the ratio which ariſes from the decompoſition of the ratios 
c to p, E to p, G to H, &c. with the ratio of A to ng. Now it is evident 
that, when v is a whole number, or the ratio expreſſed is any multiplicate 
ratio, theſe expreſſions always terminate; and that, when the ratio expreſſed 
is any ſub-multiplicate ratio, or when v is any fraction, ſuppoſing the ratios 
of i to &, I to n, n to o, &c. to denote relations of any pairs of homogeneous 
magnitudes whatever, in point of quantity, they do not terminate, but run 
on into indefinite or infinite geometrical ſeries. Their equality, however, to 


the expreſſion A, + A. + &c. to — -) terms, + A. — a Lo as 
&c. to (= =) terms, + &c. &c. OED both when they do and do | : 


not terminate. This might be ſhewn geometrically, but, as the proceſs at 
full length would ſwell this paper beyond its intended fize, I omit ſetting it 
down at preſent. 


The ſame obſervations hold (in the paper referred to above, as publiſhed 
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in the 88 Tranſactions) with regard to the en A, + A. 
— A to (=) terms, + A. => , <= ec. to — 3 
þ— 2. CD E—F G—H . 


8 þ—3 A 
: 2 + &c. to (= — 2 terms, 


+ &c. &c. having to B a ratio, which is produced by compounding the 
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ratios of c to b, E to F, G to h, &c. continued to the number _ with 


the 
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the ratio of A to 3. For, ſuppoſing the ratios of e to p, E to r, 6 to n, 
&c. to have reſpectively to the ratio of A to B, the ratios of 7 to &, / to n, 


1 ? . 
n to o, &c, and 7 equal to 1 -+ _ * — + &c. it becomes 


1 3 
1 Ae, fone] —2 4— —1 —2 — 4— 
A + 7 _  —A + : 3 A = -þ- &c. 


B I 2 E V 
2 | 1 
* At * 121 A—E r 71 7— A-—B 
W . r  C——_—_ , . — ..  , --.B, &c. 
FE ˙ Üÿi. ß z | D 


which expreſſions do or do not terminate on the ſame conditions as the fore- 
going ones for the decompoſition of ratios, 

As the degrees of magnitude in ratios, as well as in the magnitudes them- 
ſelves, of which they expreſs the relations, are endleſs and innumerable, I 
deliver the following theorems in a general form, applicable to all poſſible 
caſes, either when the formulæ terminate or do not terminate, when they 
repreſent multiplicate or ſub-multiplicate ratios, or in ſhort ratios, which are 
to each other as any homogeneous magnitudes whatever. 


THE QA RM:::I 
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Let a, B; c, D; E, r; , H; &c. taken two and two, from the firſt 


incluſively, be magnitudes of the ſame, but of 2 kind Then 
82 ID E — 


+ A, 


=; —_——_ ox c. to ( — — terms, + &c. &c. 


iſt, A, A. - + &c, o T= =) terms, TA. 


A—B C—D 


2d, Or B, + — 1. 8 2 1 terme T 5 


+ &c. to N — terms, + &. &c. 
has to B, the ratio which is produced by compounding the ratios of c to p, 


E to r, G to H, &c. continued to the number D, with the ratio of A to ;. 
And 


3d, B, + B —.— 4 157 — 4 &c, to 4—ĩ— terms, + B. —.— 3 + &c, to — . — terms, &c. &. 9 


4th, Or a, TA. —+ 2. — 34 tec. to (£ —) terms, . —.— wo. + &c, to (E. —; terms, + &c, &c. | 
has to A the Fe which is 5 by compounding the ratios of c to p, 

E to F, G to H, &c. contimed to the EA, (=) with the ratio of B to A. 

The ſecond formula in this theorem is derived from the firſt, by ſubſtitut- 

ing B + B. —.— for A; and the fourth formula is derived from the third, by 


ſubſtituting ALA. _ for B. 


C—D 
Cor. 1. A has to A, + A. 2 


E —P Ry Tt 
* &c. to () terms, + A. 


. 8 — — + &c. to (= = =) terms, + &c. &c. the ſame ratio, that 


C 


- : . 


—ͤ— — — — — 7 —„— n —¼a 
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D 
$, +3; 


_ = ccc. to C) terms, + 3. 2 — — + &c. to 


C 


— =) terms, + &c. &c. has to B. 


to C —) terms, + =, = = X 3 


&c. to 1 terms, + &c. &c. the ſame ratio, that 1, + — — + 


+ Kc. to (=. — terms, 


. 


to —— terms, + 
Fg &c. &c. has to 1 


A 
Cor. 2. A, + A: 


+ A. to (5) terms, + 4. nog — 


+ Kc. to (Z. — —) terms, + hos has to A, the ſame ratio with = which 


is produced by cimpumticg the ratios of c to b, E to F, G to H, &c. con- 


* — 1 . : . 
tinued to the number —— „with the ratio of A to B. 


B—=A o - þ B—A C—D 
Alſo z, + B. _ to (T) terms, + B. 2 


2 . . . 
&c. to 2 —) terms, + &c. &c, has to B, the ſame ratio with that, which 
is produced by compounding the ratios of e to p, E to r, G6 to Hh, &c. con- 


tinued to the number (=), with the ratio of s to A. 


= A, we ſubſtitute any other l 


Cor. 3. If in the expreſſion B + . 


magnitude M for B, we evidently get the following expteſſion, ux, + x. 


A — M A- M C-—D 


0 E — P | FI 3 | 
r to () terms, + M. FC 


&c. to — —) terms, 4- &c. &c. having to B, the ratio which is pro- 


duced by compounding the ratios of c to p, E to r, s to h, &c, continued to 
the number (= ), with the ratio of A to B. 


Alſo, if in the expreſſion A + A. — = = B, we ſubſtitute any other 


magnitude & for A, we evidently get the following expreſſion, v, + N. 
B—N | 


C-—D' E 
N. N. 
E 


= + &c. to (2) terms, + .— —_ + 


&c. to 2 —— terms, + &c. &c. having to A, the ratio which is pro- 


duced by compounding the ratios of c to p, E to r, o to n, &c. continued 


to the number (=), with the ratio of B to. A. 


Cor, 4. 


® F 
FE 
* 
3 - 
oY 
1 

"y 

* 
19 


| (=) terms, ＋ = 
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B — A 


1 


Cor. 4. A has to A, + A. to — terms, + A. 


+ &C. to Ls terms, + &c. &c. the ſame ratio, that 


A 

r to (Z) terms, + A. 2 mn. — + &c. 
to (=. — 1 + &c. &c. has to A, or the ratio which A, + 4. 
+ A to (==) terms, + A. =— = to _ 
—>) terms, + Kc. &c. has to B. 

Alſo s has tos, B. — +B.- to — . terne, 11 
=—o 4 tc to 2 —) terms, + & c. &c. the ratio, that B + B I 
.de. to (5) terms, + . —— + &c. to (Ef 
terms, + &c. &c. has to B; or B has to B, +... SE «72 
to (=) terms, B. —_ - + &Cc. to (4H) terms, + &c. &c. 


C — 


the ratio, that 3, + B. 


+ 3 to — ==) terms, ＋ B. 


C — 5 
D 


iba 5 terms, + &c. &c. has to A. 


2 20 


to 2 


Cor. 5. B has to B, + B. + 3:5 


— 1 
to (—) terms, = B, 
Do - C F -E 
C o 
＋ 3. 


c — D 


+ &c. to — —) terms, + &c. &c. the ratio, that B, 


R283 6825 132 KA B 


. + to D terms, + B. 
+ &. to (+=) terms, + &c. &c. or A, + A.— 
— þ &c. to (= ) terms, + a. —=. — + &c. to (-— 2 2555 


2 


terms, + &c. &c. has to A. Or 1 has to „ þ——< + — + &C. to 


e. to _ — terms, + &c. &c. 


C-—D 1227 


F 


the ratio, that 1, + 


to = 


+ &c. to = =>) terms, + &c. &c. has to 1. This follows likewiſe 


from Cor. 1. 


F 


C 2 Cor. 6. 


TRI. A CE — —o—_—_—_ — — 
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Cor. 6. Hence it is manifeſt, that the ſquare on A is equal to the rectangle 


. B - A 
contained by a, + A. 


= + &c. to (2) terms, + A. 


BoA. DC 


. + &c. to (E. Ah) terms, + &c. &c. and A, ＋ a 2 
A. to 2 terms, + A. - to (2.5 : 5 


terms, + &c. &c. that the ſquare on B is equal to the 8 7 NN by 


5, = 41 


= + &C. to (=) terms, +6; 222 = 2 + &c. 


to 2 —) terms, + &c. & c. and B, + B, _ + 3:5 


to 
B—A 
A 


2 terms, + B. to ＋ — terms, + &c. &c. 


that the rectangle contained by A and 8B is a to the rectangle contained 


by a, TA. 44A. 1 — 


—1 
to ny terms, + . 1 &c, to (= .£ . — terms, + &c, &c, 


D—C 


and 5, + 5. ee e eee 


to _ . — terms, &c. &c. 


B—A — 
4 &c. to (+) terms, + A. e s — 2 — + &c, to — — terms, + &c. &C, 


or by A, + . ＋＋ . 5 A. 


and A, ＋ A. — + *** to on terms, + N — + &c. to —.— terms, + & c. &c. 
or by 8, + Þ .— dr. Feat e _ terms, + &c. &c. 
—D E 1 þ—2 | 
and n, to (— Y terms, +8B, — 2 &c. to —.— 1 terms, + &c, &. 
Cor. T 101 is alſo manifeſt, that the . contained by A and 
— D — B -A D=—C 


+ 4 — + &c. to . terms, A. * + Kc. to — =) terms, + &c. &. 


Ow with the rectangle contained by A ah 


K. . A—B C—D 


— A . — — + &c. to 2 terms, + A * + &c. to 2 =) terms, + &c, &c, 


together with the 3 contained by 
B—A OR B -A D=—C 5 — 


A, . = + &c. to D terms, + A. Ro + Ke. to 2 . — terms, + &c. &. 
and 6» + A. SIS + &c. to 2 terms, + 453 — + &c, to 2. — terms, + &c. &c. 


vaniſh, or, taken together, are equal to (o); and that the . contained by B and 


2 .— + Bo + &c. to (+) terms, + nn Cn + &c, to 2 9 terms, I &c. &c. 


together with the rectangle contained by B a 


9.— +8B, — + &c, to 2 terms, + — + &c. to 2 — terms, &c. &C, 


together with the rectangle contained by 


ah 
be 
I 
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2.—— + 5 — + &c, to . terms, B. — . DD 4- &c, to ( — terms, + &. &c. 


4 . 
A C I A 


+ &c, to 2. — terms, + &c. &c. 


likewiſe vaniſh, or, taken e are equal to (o); 
and that the rectangle contained by s and 


A. ——— + — + Kc. to — =) terms, + & — + Ee. to _ — terms, + &c, &Cc, 
dpi with the rectangle contained by 4 and 
. +3,-— + &.to ( ) terms, + B «=== + e. to ( * h) terms, + cc. ke 
gather with the rectangle contained "ag 
4... Gees = + Ac. to ( n . 5 — + &c, to . h) terms, + kee. ke. 
— to hene + 9 2 5 + &c. to — - — terms, + &c. &. 
likewiſe vaniſh, or, taken 3 are equal to 00. 
It is alſo evident, chat the rectangle contained ” A and 
A. TS + As. — + &c. to (£) terms, + A - ce _ + &c, to L. _ terms, + &c, &. 
together with the rectangle W by A and 
232 4 to D terms, + A. —, . ＋ Ke. to 4 — =) terms, ++ &c, &c, 
together with the rectangle cet by 


B—A D — B—A D=— 
4. Te. + &c. to E-) terms, + 4. bw 


+ &c. to — =) terms, + &c, &C, 


E — F 


C=D', 1 B= 2 9 2 p—r þ=3 
and A. = + A. g + Kc. to ( - ) terms, + A. TR + &c, to ( 3 ) terms, + &c, &c. 


are equal to the difference between the rectangle contained by B and A and 
the ſquare on A; and when sB is greater than A, are together an additive 
magnitude; when 8B 1s leſs than a, a ſubtractive magnitude; but when B is 


N to 1 vaniſh; and that the rectangle contained by B and 


5 + B BA D=C 
. 
A * 


to 2) terms, + . + &c. to 2 . -_ terms, + Ke. Kc. 


together with the angle 1 by B and 


Cn E. -F 


+ Kc. to — —j terms, + &c. &C, 


together with the LE TY” by 


pod e be. to(£—) terms, + 2.2 was tant. 


+ &c. to — . -_ terms, + &c. &C, 


E C—D 


and 2. —— + 3. £ + &c. to S terms, B. 


DE 2) terms, + Kc. Kc. 
1 2 


are equal to the difference between the rectangle contained by B and A and 
the ſquare on 3; and when 8 is greater than A, are together a ſubtractive 

magnitude; when 8 is leſs than a, an additive magnitude; and when B 1s 
equal to A, vaniſh, 


ne IEEE —: 


— — ³˙·ww ˙¹—] ! 
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Theſe Corollaries, with the variety of inferences deducible from them, 
(but which I purpoſely at preſent omit) will be found of the greateſt uſe 
and advantage, in many geometrical inveligations, and in the ſummation of 
ſeries. 


SCHOLI1IU u. 


The formulz in this theorem may likewiſe be expreſſed in the following 


manner, with the negative and poſitive ſign alternately after the firſt term 
Thus: | 


D—C F — D — 
* 2 he; to (5 OT) terms, + A. - 


eto H #=) terms, — + &c. Kc. 


B—A o- 4 B—A D—C 
2d, or B, — B. 1 e Benny. 


+ &c. to —— = terms, % + &c. &c. 
has to 8, the ratio which is produced by compounding the ratios of c to p, 


E to F, G to H, &c. continued to the number i. with the ratio of A to B. 


And | 
—C F—E SE as 
4th, or a, — A — — A. = — &c. to hn 4 .— ee + &c. to 45 j terms, — + &c. &c. 


has to A, the ratio which is produced by compounding the ratios of e to p, 
b — 5 . 
E to F, G to H, &c. continued to the number ), with the ratio of B to A. 


The ſame mode of expreſſion, which, on many occaſions, will be found 
uſeful, holds likewiſe with regard to the formulæ in the Corollaries. 
If for A and B, in che firſt two formulæ of the theorem, we ſubſtitute 


71 7 
4 and — 
4 a 


„ Which are reſpectively equal to them, and for a — B, 


C—D,E—F,B—A,D—C,F—E, &c. put T, A, ©, A, II, ꝙ, Kc. we 
ſhall evidently have * e thus: 


af 5 5 * * 26.5 - „ — — + &c. to (—- —) terms, +af” = — + &c. to — Lan terms, &c. &c. 3 
sth, = . 25 * 5 — — > 8 
3 
or * — PF ok 8 3 8 to 25 terne Ta E. 2 0c. to 1 2 terms, = &c. &c. 
bth, ——— x ax F I | D FP =" 2 
N PD 
| 2 | LIN 
27 + 57 2 + 9 + 43 + &c. to (2) terms, + x. ES; + xc. to (Z. =) terms, + &c, &c, 
B D F x I B D I 2 
2th, — - ONT mae - — 
17 
A | | R 
or x, os x”, e ee IM = 3 — &c. to ) terms, + 7 & . + &c. to 2 A terms, — + &e, &c, 
8th, B 3 3 1 1 r * 
| : " wh a 
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having each of them to 3; the ratio which is produced by compounding the 


. . — 1 . 
ratios of c to v, E to r, G to h, &c. continued to the number D), with 


the ratio of A to B. | 
Alſo, if for B and A, in the third and fourth formulæ of the theorem, we 


5 3 
5 p af 


| ſubſtitute - - and „ Which are reſpectively equal to them, we have 
: 3 A 
: them expreſſed thus: 
— — — — =-t 4 8 —1 5-2. 
my 57 4 ny - 4+ 37 ; xe. to (=>) terms, Tur 5 37 + &c, to —.—9 terms, + &c. &c. g 
i pe 
5 or 1 1. 1. . act C ) terne, E . - — + &c, 0 >) termi, — + &c, &c. 
roth, — — 26% 
p—2 
| E 
A as 
af, + af .— +af,—+ . > + &e. to (E) terms, + af, = + &c. to ( Eh terms, + Be. c. 
11th, — 3 "ae — 
0. ab 
3 — 
or af 52 1 as N #2 — &c. to (Th terms, 4- " A —.— + &. to (Z. — terms, — + &c. &c. 
c. A D * A b 33 2 
12th, - | — 
; | ks J 


each of which has to A the ratio which is produced by tA the 
ratios of c to D, E to r, G to h, &c. continued to the number (<= —), with 


the ratio of B to A. 

In the ſame manner may the formulæ in the Corollaries be expreſſed 
Thus, for inſtance, if, in Cor. 3, for a — M, 83 — N, M — A, N — B, we 
ſubſtitute Z, T, T, Q, reſpectively, we ſhall have the formulæ in it ex- 
preſſed thus: 


i 8 0 
E. . kee. to ( erms, +, *. ＋ + e. 0 (E. ) terme, + ke. Kc. 


1 | GET? | 
— * n 0 = 
- — u” . + Ce. 0 (I) terms, v. 2 * to (E Dh terms, — + ec. Ke. 
1 


each of which has to B the ratio which is produced by compounding the 
ratios of c to p, E to r, & to H, &c. continued to the number (=), with 


the ratio of a to 3. And 


"SS, Y A 
„V. 2 T . 5 + V. — + Ac. to 2 terms, + 7. —. — + &c. 0 (K —) terms, + &c. Kc. 
5th, ——— — * 
or 0 to (Z) terms, + 17. . . + &c.t0(& £8) terms, — + &c, &c. 
N D F N D 1 i; 
72 


*% 
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each of which has to A the ratio, which is produced by compounding the 


ratios of e to p, E to F, G to H, &c, continued to the number , with the 
ratio of B to A. 


The 7th, 8th, 11th, 12th, 13th, 14th, 15th, and 16th formulæ, in this 
ſcholium, are geometrical theorems, each of them infinitely more general 
than another geometrical theorem, which is derivable from any one of them, 
and of which (when it is ſuppoſed to become numerical, or to expreſs the 
algebraic values of magnitudes) the famous binomial theorem, given by 3 
Sir Iſaac Newton, is only a particular caſe—Thus, for example, in formula 0 
7th in that particular caſe, when T, A, ©, &c. are equal among themſelves, 4 


\ arts . 
7 INT on 
f 4 * FX + * Is A 
* is. _ I 
. \ 1 as 
p Fr 
4 


B, D, F, &c. likewiſe equal, the expreſſion becomes "I 
„er. er l rg gar N Kc. xc. or- 
— = — 


having to B, the ratio which is produced by compounding the ratios of c to 
D, E to r, G to H, &c, continued to the number (= ), when each of them 


is equal to the ratio of A to B, that is, ſuch a multiplicate ratio of A to B, 
as is expreſſed by the number (p). Wherefore the expreſſion may be 


denoted by, and is indeed the ſame with, „which arifes from taking a 


71 


| 

| 

. 

A J 

third proportional to B and A, a fourth proportional to 3, A, and this third Y 
proportional, and fo on, till the operation be repeated (p—1) times. But 9 
as the magnitude ariſing from this operation is the ſame, whether A be con- 
ſidered as a ſingle magnitude of the ſame kind with , or as compoſed of 
the aggregate or difference of ſeveral homogeneous magnitudes of the ſame 
kind with B, if, inſtead of B + F = A, we ſubſtitute the aggregate or dif- 
ference of any two magnitudes of the fame kind with Aa, ſuch as, for in- 
ſtance, v W = A, (for the ſigns of the even, or 2d, 4th, 6th, &c. terms 
in the expreſſion are poſitive or negative, according as T 1s additive or 


ſubtractive, that is, according as A is greater or leſs than B; and , — 


2=7, &c. depend not on the quantities of the magnitudes, of which the 
2 


aggregate or difference is equal to a, but on the number of the ratios 
compounded together) we get the expreſſion | 


1 


v. . v ＋ 72. „ 34 .. . „w. + + &c. to w* 


2 2 — 2 — 


* 


1 | af 


x e P 1 4 5 8 
- ET a 9 2 
ATE 27 8 
a” 8 * 2 4 >; THF 3 8 


——— - — — 
3 1 DOES. 4a OL "<P 
. * $A 1 a $7 * * * 
— FIG # a4 : 


Tags > 
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which is a magnitude of the ſame kind with a and B, having to s ſuch a 
multiplicate ratio of A to B, as is expreſſed by the number (p), and i 
ſtrictly and literally a geometrical expreſſion, having to B ſuch a multiplicate 
ratio of v W to B, or v—W to B (according as v + w 1s equal to a, 
or v W is equal to A), as is denoted by the number (p). Now it is 
evident that it muſt vary indefinitely with the endleſs variations in the quan- 
tity of the magnitude n, its geometrical ſtandard of compariſon, even when 
A or v + w is conſidered as invariable—When it is ſuppoſed to become an 
arithmetical expreſſion, and B to repreſent number, it is likewiſe evident, 
that it muſt vary indefinitely with the endleſs variations in the quantity of 
B, its then arithmetical ſtandard of compariſon, even when A or v + w 
continues invariable. The magnitude of the expreſſion then, when A is 
given or conſtant, depends entirely on the quantity or degree of magnitude 
in the ſtandard, to which it is referred, whether the ſame be geometrical or 
arithmetical, each ſtandard having a claſs of innumerable different values or 
magnitudes belonging to itſelf There is one claſs, and one alone, in which 
the expreſſion is not affected by the ſtandard, namely, when s is equal to 1, 


or arithmetical unity: for then it evidently becomes v4 - yt w 


+ Z. E. vr IWK X. = xi wh + &c. to wP, an ex- 


preſſion in a ſimilar form to that of the binomial theorem, and having to 1 


ſuch a ratio of v + w to x, as is denoted by (p). Whence it is manifeſt, 
that to this claſs, and this alone, the binomial theorem, as delivered by 
Sir Iſaac, extends, and that any particular caſe of what is commonly called 
involution, or evolution, 1s only fuch a number as has to 1 ſuch a ratio of 
the number involved or evolved, as is denoted by what is uſually ſtyled its 
index or exponent of the power. For Nature furniſhes no ideas reſpe&ing 
the quantities of magnitudes that are not, by means of compariſon, derivable 
from, and reducible to, the ideas of augmentation and diminution, of in- 


_ creaſe and decreaſe. 


A ſimilar inference and expreſſion may be derived from the ſaid 5th, 8th, 
11th, 12th, 13th, 14th, 15th, or 16th formula, in this ſcholium, when the 
ratios of c to p, E to r, G6 to nh, &c. inſtead of being equal to the ratio of 
A to. B, are equal to any multiples, or ſubmultiples, of it, or have to it any 
ratios whatever. This, however, I will take an opportunity of conſidering 
and illuſtrating in the ſubſequent parts of the paper. 


D 
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The ſame things being ſuppoſed as in theorem 1, we ſhall have the follow- 
ing formulæ: 


iſt, A, — Py =_ 4 .— — & to ( —) terms, + A .—— — + &c. to —. Dh terms, — + &c. &c, 


— 0e — 
. = + &c. to ({— ==) terms, A. 3 == + &c. to ( —.— terms, + &c, &c, 


1224 26225 — A 


239, or 3, — . — . . 


C—D Cet. 
* &c. to —— . 2 * terms, — + &c. &c, 


4th, or 2, + 2.— +B, — 24 &c. to (——) terms, + 2.—.— - + &c. to —.— terms, + &c. &c. 


„ — A C—D 5 


— & c. to (om terms, +M, —— — + &c. to —— La terms, — + &c. &c, 


5th, or M, — Mg, 


6th, or u, + 1.—.— + NM. — + &c. to — terms, + 1 .—.— © + &C, to (Lf) terms, ＋ &. &c. 


ö 


o ene ata.) wen 44 EEE +&c. to (= £=2) terms, — + &Cc, &c, 
C E I 3 * 1 2 
7th, - — 
; 5 2 
or „ FIT ee —+&c. to (— =) terms, +a © —.— TT&c. to ( —.— terms, + & c. &c. 
8th, — 
= —2 
35, ="; = * — &. to (K ) terms, + pf, =. + ke. t0 (. = ) terms, — + Ke. &c. 
gth, 721 . 
B 
7, + of, — x”, — 3 to (＋ E) terms, + 37. . AT Ac. to ( 2 terms, + &c. &c. 
roth, — — 8 
** 
or uf, -. 2 AM. b. — fe. 40 (K terms, + N. =, xe. to 4 £2) terms, — + &c. &c. 
1ith, GAN 
. 
or ut. , 5 ＋ * — + &c. to (£) terms, + 7 —.— + &c. 0 ( =) terms, + &c, &c. 
2 2th, _ por 5 2 1 


RY 
having each of them to B the ratio, which 1s produced by decompounding 


the ratios of e to D, E to r, & to u, &c. continued to the number . =)) 
with the ratio of A to B; or by compounding their inverſe, viz. the ratios of 


o to c, r to E, HtosG, &c. continued to the number (=), with the ratio 


of A to B. M 1s ſuppoſed to be any magnitude whatever of the ſame kind 
with A and , whether it be greater or leſs than a. And 


— r . 


J 
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1 C—D E — f — EE GE rn 
® 13th, By — B. £ A xc. to ( A terms, + 3. 3 r 


N — 7 — — 0 F— ö —1 7 — 
$31 .4th, or B, _ Hows - + &c. to = ) terms, + B. - . . : : + &c. to _ . ==) terms, + &c. &c. 
. ; | — — 
i tm, or A, — A. . > Ee. o (Ig) tende, + . — — + &c, to (+ Dh terms, — + Kc. &Cc, 
1 16th, or A, + A — + A, — + &c. to — terms, + A. RIG, — + Kc. to —. = terms, + &c. &c, 
e. 3 4 a _ ny 
irh, or x, — u. = 222. (+) terms, + 1. —.— 4 40. to (2. — terms, — + &c, &c. 
: — D—C — 
C. * nd — — A © — —2 
22 OT of % n 1 a 2 — 71 : E — &C, to —— terms, + 7 . © 7 + &c, to —j— o — terms, — 4- &c. &c. 
= 19th, - "hs „ F 
| ; 7 
Ran — — — —1 I © — — 
&c. \ or 17 1 + 7 15 5 + 37 5 = + &c. to (=) terms, + 57 a 3 &c, to — j. terms, &c. &e. 
3 — 
= or af, . — — a; a e. to (E) terms, 3 97 &c. to (Z h) terms, — ＋&c. &c. 
— 21ſt, _ N TIT, 5 — 1 
| | FR 
A n > A II pine 
Pr 7 or 47, + 4 2 4 3 ＋&c. to (2) terms, + 3 — 4 &Cc, to 2 terms, + &c, &c. 
GN: 22d. — — - - FD. a 2 — 
|: . ; 05s 
"= | N A 2 
I | or 17, 2 7 2 = — &c. to (£) terms, + . — = + &c. to 2 j Wee Th + &c, &c. 
— 7 105 23d, = TY — 2 
© = 
* 1 I 
. or WA + 1 3 * 1 — + &c, to (£) terms, + *. eo + &c. 0E 2 0 —) terms, + &c. &c, 
a i 24th, * _ — 8 
; 7 
4 has to A the ratio, which is produced by decompounding the ratios of c to 
— 3 p, E to r, G to H, &c. continued to the number 2) , with the ratio of B to 


A, or by compounding their inverſe, viz. the ratios of v to c, f to x, u to 


o, &c. continued to the number ez, =), with the ratio of B to A. 


SCHOLIWU M. 
I have ſet down the: preceding variety of formulæ, in this theorem, not 
- that 1 thought it abſolutely neceſſary to do ſo for thoſe perſons who under- 


ſtand thoroughly the geometrical principles from which they are derived, 
D 2 
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but becauſe the ſame expreſſion 1s frequently found more uſeful & commo- 
dious in one form than in another. Many inferences or corollaries may be 
drawn from them, of the greateſt uſe, and moſt extenſive application. To 
enable one to draw ſuch, and apply them readily, it may not perhaps be 
unneceſſary to obſerve; that, if in the expreſſions, (in theorem 1.) which 
have to B the ratio, that is produced by compounding the ratios of e to p, E 


| . —1 . OT 
to F, G to H, &c, continued to the number — ), with the ratio of A to B, for 


A, c, k, G, &c, there be ſubſtituted B, D, r, n, &c, and for s, Dp, r, E, &c, 
there be ſubſtituted A, c, E, 6, &c, there ariſe expreſſions to which A has 
the ſame ratio reſpectively ; and if in thoſe expreſſions, which have to A the 


ratio that is produced by compounding the ſaid ratios of c to p, E to x, 
—1 


6 to u, &c, continued to the number (— 


), with the ratio of 3 to A, for B, 


c, E, o, &c, there be ſubſtituted A, D, r, nr, &c, and for A, b, r, ,, &c, 


there be ſubſtituted B, e, E, 6, &c, chere will ariſe expreſſions, to which B 
has the ſame ratio reſpectively; alſo that, if in the expreſſions (in this the- 
orem, Viz. theorem 2), which have to B the ratio, that is produced by de- 


compounding the ratios of c to p, E to F, o to H, &c, continued to the 


number h, or by compounding their inverſe, viz. the ratios of Þ to c, 


FtoE, H to G, &c, with the ratio of A to B, for A, p, r, h, &c, there be 
ſubſtituted B, c, E, o, &c, and for B, c, E, o, &c, there be ſubſtituted a, 
D, F, H, &c, there will ariſe expreſſions, to which A has the ſame ratio re- 
ſpectively; and if in thoſe expreſſions, which have to A the ratio, that is 
produced by decompounding the ratios of c toD,EtoF, G to h, &c, con- 


tinued to the number =) , or by compounding their inverſe, viz. the ra- 


tios of p to o, f to E, H to 6, &c, continued to the ſame number 4 0 


with the ratio of B to A, for B, D, F, H, &c, there be ſubſtituted A, c, E, 6, 
&c, and for A, c, E, 6, &c, there be ſubſtituted s, p, r, h, &c, there will 
ariſe expreſſions to which ; has the ſame ratio reſpectively. If this circum- 
ſtance be ſufficiently attended to, numberleſs inferences or corollaries may 
be drawn from them, of the greateſt poſſible uſe and advantage in many in- 
veſtigations, and particularly in the management of ſeries. It is likewiſe evi- 
dent, that, although the expreſſions always vary with the ſtandards of com- 
pariſon, in ſuch circumſtances, or when reduced to ſuch particular forms, as 
I have taken notice of in the ſcholium to theorem 1, namely, either when the 
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conſequent of every ratio compounded, is ſuppoſed to be always in a ſtate of 
equality with the ſtandard, or when the ratio of any magnitude to the ſtand- 
ard, is compounded any number of times with itſelf, or with any number of 
ratios reſpectively equal to or the ſame with itſelf, yet the magnitudes of the 
expreſſions in all other circumſtances, and in their general forms, are not re- 
gulated or affected in the ſmalleſt degree by the ſtandard of compariſon, or 
the conſequent of the firſt ratio, or of that with which the other ratios are 
compounded—And the reaſon is plain In any expreſſion the conſequent of 
the firſt ratio, with which the others are compounded, does not enter into 
the formation of it at all, ſtrictly ſpeaking, or at leaſt, when it does, only by 
way of ſubſtitution without reference or relation to any ſtandard whatever, 
Thus, for inſtance, (g) the conſequent of the firit ratio, viz, of A to B, does 
not enter into the formation of the 1ſt formula in theorem 1, or of the iſt 
and 2d formulæ of this theorem, which, without ſuffering the leaſt variation 
in their quantities, may evidently be referred to any other magnitude () 
whatever, as a ſtandard, as well as to (B), that enters into the formation of 


the ad formula in theorem 1, and of the zd and 4th formulæ in this theorem, 


by way of ſubſtitution only, when for (A) there is put its equal B + B. — . 


nnn nn. 

Let the ratios of o to b, E to r, 6 to uh, &c, have reſpectively to the ratio 
of A to 3, the ratios of 1 to x, L to x, d to o, &c; and let v and s and 
T, taken two and two, be homogeneous magnitudes, of any kind; alſo let 
together with a fourth proportional to k, 1 and r, together with a fourth 
proportional to u, L and r, together with a fourth proportional to o, N 


and r, &c, or Þ + 7 + P = +?P. _ + &c. be repreſented by x. Then 
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iſt, A+ EIA + TRE R—20, . A- BI 


B Q_ 2 Q, . 2Q 0 + Kc. &c. 
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20 — : . — 
„ Or A 54 0 + 5 * 7 += &c. &c. 
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Q L * & B 3 


ſuppoſing W, x, *, &c, to repreſent the 1ſt, 2d, 3d, &c. terms; 
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th r 4B; K Ni 2 * 11 2 . 5 
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ſuppoſing x, &, to be equal t =, - , reſpeCQtively ; 
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ſuppoſing M —X=A; 


or &c. 
has to B the ratio, which has to the ratio that is produced by compounding 
the ratios of e to p, E to r, G to h, &c, with the ratio of A to B, the ratio of N 
p to Q, or has to B a ratio, which has to the ratio of A to B, the ratio of R 
to Q, or has to any other magnitude whatever of the ſame kind with a and 
B, a ratio equal to the ratio (which has to the ratio that is produced by 
compounding the ratios of c to p, E to r, 6 to H, &c, with the ratio of A to 
the magnitude , the ratio of y to , compounded with the ratio of B to 
that magnitude, or a ratio equal to the ratio (which has to the ratio of A to 
B the ratio of R to , compounded with the ratio of B to that magnitude. 


SCHOLIUM, 

From the equality of theſe various formulæ, many very uſeful propoſitions 
and corollaries may at any time be deduced. If for A and B, in them, there 
be ſubſtituted 3 and A reſpectively, they will become expreſſions or formulæ, 
to which A has the ſame ratio, that they have to ;, a circumſtance, which 
will likewiſe furniſh occaſionally numberleſs inferences of the greateſt conve- 
nience and uſe. The ratio, which any one of theſe formulæ has to x, com- 
pounded with the ratio of B to any other magnitude M of the ſame kind, is 
equal to the ratio, which the formulæ themſelves have reſpectively to . 


If for x in them there be put x + @, they will be changed into formulæ 
6 | | 
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having the ſame ratio to a, that they themſelves have to B. And if for & 
there be ſubſtituted x + Q, and in the place of Aa, where it ſtands ſingly 
without any magnitude taken from it by the fign —, a — 3 and B — A 


continuing as they are, there be put any other magnitude , whether it be 


of the ſame kind with A and s or not, they will be converted into formulæ 
having the ſame ratio to M. 


From what has been delivered, it evidently appears that <P 


is an ex- 
12 


| 3 

preſſion, ſtrictly and literally ſpeaking, geometrical, namely, a magnitude 
having to B a ratio, which has to the ratio of A to B, the ratio of m ton, or 
having to any other magnitude M of the ſame kind with A and B, the ratio 
which 1s produced by compounding the ratio of B to M, with the ratio that 
has to the ratio of A to B, the ratio of #2 to x, and is truly expreſſed by 


A—B\3 
„ 5 


B 1 2 1 B g = 


& 5 
B. 


— 3 
* _ 5 + &c. &c. 


— 4 


3 A. — + &c. &c. 
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repreſent = .C. =, E to repreſent — .D = &c, &c, and ſo on; that 
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ſuppoſing y . = to be equal to the magnitude à, c to repreſent Þ®, Þ to 
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m 
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alſo a geometrical magnitude, being a fourth proportional to 3, the magnitude 


—— juſt reprefented, and u, and may be expreſſed by & . M. = * 
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3 * 1 
3 ſuppoſing as before y + ©. = = A, c to ſtand for 2, o for . 
a 2 PY 
4 5 M A M. A ; 
8 &c. &c. or &c. &c.— In like manner, „ My be geometrical 
, 5 
FF magnitudes, the firſt being a rectangle contained by , or the line repre- 
e 5 . . M A N . . . I 
ES ſenting it, and — or the line repreſenting it, and the ſecond a ſolid con- 
2 = 
1 B * 
, a 
| ES. M A” . 5 
tained by M, M and „or the lines repreſenting them—Alto A, A'“, A“, 
2 0 
B * 


m 
A M* &c, may be geometrical magnitudes—But A“, A, A M“, an &c, can- 


not be geometrical expreſſions, but muſt denote arithmetical magnitudes, all 
of which are homogeneous, or of the ſame kind For geometry, and even 


nature, knows no diverſity of dimenſions, except the three that go to the 


. 11 
formation of ſolidity Such an expreſſion then as a, is only an arithme- 


2 tical one, having to 1, or unit, ſuch a ratio, as has to the ratio of à to 1, the 
; | ratio of m to u, and is indeed truly expreſſed by 


m—Nn a—1 M— 2 42 — 112 


a—1 : : a1 mn -n „ zu Mn = 
a + — «A » - + po pa a L + 2 . 21 . 32 4 — + &c. &Ccs 


=» m GT „ Mn = m Mm" m2 r m m . —.— a—1\4 
7 r 14 — . 1. — + —, 51. ＋—. . «I, ＋ . 1 + &c. 
oY n 1 =» 23 I E - a Zu 1 1 


24 32 


or * = 74 . % 7 + — — 


. 7 . 42 + % + &c, 
ſuppoſing p + pg = 4, c to repreſent the firſt term, d the ſecond, and fo 


© 87 . A ” . . 
- i on, or &c. &c. Indeed the geometrical expreſſion ——, in becoming nu- 
1 9 0 
merical, when (a) is * to repreſent the arithmetical value of A, and 
: m | 25 


(5) that of B, to denote 1 or unit, gives a *. In like manner a V3 is a 
number having to 1, ſuch a ratio, as has to the ratio of 4 to 1, the ratio of 
s to 4/3, and may be truly expreſſed by 
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Nod P / a, and c, d, e, /, g, &c, to repreſent the 1ſt, 2d, 3d, 


. 4 


ger = &c, 


Ath, 5th terms, &c. Alſo xy is a number having to 1, the quintupli- 


cate ratio of x+y to 1, or ſuch a ratio to 1, as has to the ratio of x+y to 1, 
the ratio of 5 to 1; 3x* is a multiple by 3 of the number, which has to 1 the 
qvintaplicare ratio of x to 1, or ſuch a ratio to 1, as has to the ratio of x to 1, 
the ratio of 5 to 1; 6 y* is a multiple by 6 of the number, which has to 1, 
the quadruplicate ratio of y to 1, or ſuch a ratio to 1, as has to the ratio of 


y to 1, the ratio of 4to 1; and ſo on Any magnitude then whatever, ob- 


tained or expreſſed by involution or evolution in algebra, which is nothing 
but general arithmetic, is only a number having to 1, ſuch a ratio, as has to 


PQ, 
4 P 


the ratio of the root, or the number involved or evolved, to 1, the ratio of 
what is commonly called its index to 1—But as the index may ſtand to 1 in 
all the poſſible relations of quantity, the parts of it may be compoſed of any 
magnitudes whatever, ſuch as lines, ſurfaces, ſolids, as well as numbers; and 


2 P 


algebra and arithmetic ought to know ſuch expreſſions. as WES by/n , ac 


4 „. — 0. 
&c; 24 „373, 4, &c, 3 as well as 4 „ 32, Kc. 2“, 33, &c. Thus 


P 
for inſtance 4 , or the number which has ſuch a ratio to 1, as has to the 


ratio of 4 to 1, the ratio of » to . ( and & repreſenting either two lines, 
or two ſurfaces, or two ſolids) is equal to, and is truly repreſented by 


4 — = + &c, &c. 


p- P—20 4=—1 9 Pls 2 7 


1 I 1 
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P P—Q 
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or, &c. &c. 


It is likewiſe manifeſt, that, ſince A, A5, Ar, &c, cannot be geometrical 


magnitudes, but are arithmetical ones, as I have er obſerved, ſo muſt all 
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A A* 

ſuch expreſſions as — alſo be, when A and B are homogeneous—But . 
A 


1 B * B * 
E is truly expreſſed by 
"8p m A—B n Mn =} m mn M21 =} 
— 1 » 2 6 * &C, &c. 
1 iT "ps TS Is B 7:5 2 zu B * 
Ws — 2 n — 21 m1 — 2 n — 4n 
e 5 or 14 . 1 4 D. a. E. Q + 2 „F. Q + 71 G. Q + &c. 
17 0 & repreſenting and 1, D, E, P, 6, &c, the 1ſt, 2d, 3d, 4th, 5th terms, &c. 
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Pp + P.-= — being ſuppoſed = = A, and c, p, E, &c, to repreſent the 1ſt, 2d, 
3d terms, &c. 


m—n 222 m— 21 = mn 21 2. 4 JI 1 
or = X (1 + B * 1 - 2 * * + 7 . 2 . 35 5 + &c. ) | 


or &c. 3 it is evident that, let A and B, y and ©, in the preceding [ 


ms BP 


— A 2 " 
expreſſions, be any magnitudes whatever, __— &c. can only be alge- | 


braical or arithmetical magnitudes. ! 


In like manner, in arithmetic, 2 x 7 is a number having ſuch a ratio to 1, 


as is equal to the ratio of 7 to 1 compounded. with the ratio of 2 to 1, and 
by means of theorem 1ſt, may be truly expreſſed by 2 + 2 . _ and 3 X 


5 X 8 X is a number having to 1 ſuch a ratio, as is equal to the ratios of 5 
to 1, 8 to 1, andg to 1, compounded with the ratio of 3 to 1, and by the 


ſame theorem may be truly and accurately expreſſed by 3 + 3. — — + 3 
= ＋ 3. 2 ＋ 3. . 3. . + g . 2 3. 


— 8 . 
— 2, e X (452% +EEENS, £72) and ſo on; and 2 is 


2 ada having fuch a ratio to 1, as is equal to the ratio of 2 to 1 8 
pounded, or its inverſe the ratio of 1 to 2 compounded with the ratio of 7 


tO I, rn 7. or + 7 =; 


and —L* > 25 is a number having to 1 ſuch a ratio, as is equal to the ratio of 3to 
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* 
1, 5 to r, and q to 1, decompounded with, or their inverſe, the ratios of x 
to 3, 1 to 5, and 1 to 9, compounded with the ratio of 7 to 1, and, by 
means of theorem 2d, may be truly and accurately exprefſed by 
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Allo, in 0 ab is a number having to 1 ſuch a ratio as is aaa to the ratio 


12 and ſo on. 


of à to 1, compounded with the ratio of 3 to 1, and, by theorem 1ſt, is ex- 


b-1 . . 
preſſed by a + a. ——3; abc is a number having to 1 ſuch a ratio, as is 


equal to the ratio, which is compounded of the ratios of à to 1, & to 1, and 
c to 1, or to the ratio of @ to 1, compounded with 7 ratios of þ to 1 and 


c to 1, and, by theorem. 1ſt, is expreſſed by a + a . —- RP als hs 


. ; abcd is a number having to 1 ſuch a ratio, 2 is . to the 
ratio, which is compounded of the ratios of &@ to 1, 5 to 1, c to 1, and 4 


to 1, or to the ratio of @ to 1 compounded with the ratios web. a to 1, c to 1, 


and d to 1, and, 7 theorem 1ſt, is expreſſed by a + $7 + @ —_ 
+ 2. 5 * 2 —1 b&—1 4—1 3 PR £ 2—1 


ey, Cd 1 by 4 (Ez + be + bd + ed — 2b = 20 24 +3 


I 1 I 1 1.1 8 


SY 2 — dq ＋ 3 d — 
bed —be | ws. Þ+ c 4+ , and ſo on; and F-1s a number having to 1 


ſuch a ratio as is equal to the ratio of þ to 1 PR opp with, or its 
inverſe, the ratio of 1 to 4 compounded with the ratio of à to 1, and, by 


* : b—1 | Id i 8 t—G-: 
theorem 2d, is truly expreſſed by a — a. —ora +8. Apis a num- 


5 b 
ber having to.1 ſuch a ratio as is produced by decompounding the ratios 


of 5 to 1 and c to 1, or. compounding their inverſe, the ratios of 1 to þ and 


1 to c, with the ratio of a to 1, and, by the ſame e is . equal 1 
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5 is a number having to 1 ſuch a ratio as is 8 by decom- 
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pounding the ratios of 5 to 1, cto 1, and d to 1, or compounding their 
inverſe, the ratios of 1 to 5, 1 to c, and 1 to 4, with the ratio of à to 1, and, 


by the ſame theorem, 1s equal to a — 4. 4 . —4. 2 + 2. 
2. — La . Ha . +0... or equal to 
53 a = po. T . r 4 . +0. 
2. 2 4. . . and ſoon. For 2 & 3 * 4 * 5 X 6 is the 


number which is produced by taking a fourth proportional to 1, 2, and 3, 
a fourth proportional to 1, 4, and 2. =, or the firſt fourth proportional,” a 


fourth proportional to 1, 5, and 4 , or the ſecond fourth proportional, 


4. 2+ 3 
1.1.1 


being always leſs by one than the number of the factors, or numbers mul- 
tiplied together, or equal to the number of the factors or numbers by which 
the firſt is multiplied); and abcdefgh, &c. is the number which is produced 


by taking a fourth proportional to 1, 6, and a; or (5. 9 „a fourth propor- 


a fourth proportional to 1, 6, and 5 (the number of the operation 


bs a 5. a 2 . 
tional to 1, c, and 3. — or (c. —), a fourth proportional to 1, d, and c. 


3. 4 c. 3. 4 f. * c. 5. 4 d. c 3.4 
— . th . . a 
— or (d ——), a four proportional to 1, e, and 4 _—_— (e . 


: d.c.b.a e.d,c.b.a 
a fourth proportional to 1, f, and e. ———, or (f. ——— ),afourth pro- 


a, SC <# 05 
or (C. Lr, a fourth propor- 


eee 
NN 


0 10. .#; «7 © =O „3. . 
tional to 1, %, and g SEED, or (b £22 i - : -), &c. till the num- 


ber of the operations be equal to the number of the factors 5, c, d, e, /, g, b, 


portional to 1, g, and F. 


& c. by which the firſt factor (a) is multiplied. Alſo 22 is the number 


which is produced by taking a fourth proportional to 3, 1, and 2, or 


(1. Fs a fourth proportional to 4, 1, and 1 . 7. or (1. 79. a fourth pro- 


portional to 5, 1, and 1. Ty or (1. 7235 =), and a fourth proportional to 
6, 1, and. 1. 1. ), the number of the operati i 
5 1, r ( "TA. perations being 


equal to the number of the factors or numbers 3, 4, 3, and 6, by which 
che number 2 is divided. And 5— = 2 is the number which is pro- 
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duced by taking a fourth proportional to 5, 1, and a, or (1 5), a fourth 


proportional to c, 1, and 1. — or (1), a fourth proportional to d, 1, and 


C » 


1. 4 1 1. a 11. 4a | 
1. J: of (1 T A fourth proportional to e, 1, and 1 J Or + FP 


SSH 


=, a fourth proportional to F, 1, and 1. 3 


1.1. 1 1. 4 
6 84. c. 6 : 7 
1.1.1. 1. 2 | 


. 1.1. I. 1. 1. 2 
a fourth proportional to g, 1, and 1 e (1 Ann a 


fourth proportional to 5, 1, and 1 = 5 or (1 FFF ISP! 
&c, till the number of the operations be equal to the number of the factors 
5, c, d, e, f, g, b, &c, by, which, multiplied together, (a) is divided. 
To dwell longer on illuſtrations would be unneceflary, even for perſons 
of the moſt ordinary capacity.—From what has been delivered, however, 
it manifeftly appears, that multiplication, diviſion, involution, and evolution, 
and all ſuch operations in algebra and arithmetic, are, by the principles 
above laid down, eaſily reducible to, and, when properly and ſcientifically 
confidered, in reality nothing elſe, than the augmentation or diminution, the 
increaſe or decreaſe of arithmetical or numerical magnitudes, by means of 
proportion and the combination of ratios, when referred to 1, or unit, as the 
ſtandard of compariſon. But as 1, or unit, combined in any manner, or 
in any number of ways whatever, ſtill produces unit, this combination of 
ratios, from the almoſt conſtant diſappearance of the various combinations 
of unit, and the terms of ratios that are repreſented by it, is not ſo imme- 
diately diſcernible in algebra and arithmetic, as in geometry, where the 
terms and combinations remain entire, without diſappearing, let the ſtand- 
ard of compariſon be what it may. This diſappearance, however, of the 
combinations of unit, in algebra and arithmetic, renders it by far the moft 
commodious and convenient ſtandard for common uſe, although the leaſt cal- 
culated one poſſible, on the ſaid account, for the purpoſe of ſhewing the con- 
nection between the various operations in theſe ſciences, and the real ſcientific 
principles on which they depend. The famous binomial theorem, given by 
the illuſtrious Sir Iſaac Newton, was found extremely uſeful for involution 
and evolution.——But this theorem, as delivered by its author, is clearly an 
arithmetical one only, having a reference in all its operations to 1, or unit; 
for it only ſhews the different degrees of increaſe and decreaſe in numerical 
magnitudes, by the arrangement and combination of ratios, which have 1, 


or (1 
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or unit, for their conſequents, as well as che ſtandard of compariſon, or, 
when any numbers are given or aſſumed, what degrees of augmentation or 
diminution they muſt undergo to have to 1 ſuch ratios as have to the ratios 
reſpectively of theſe numbers themſelves to 1, the ratios of what are uſually 
called the indices to 1. Unit, or 1, has therefore very properly, on account 
of its great convenience and uſe, been commonly uſed in algebra and arith- 
metic, as the ſtandard of reference for numerical magnitudes, although there 
ſeems to be no neceſſity for confining our ideas to it, or any other one par- 
ticular ſtandard; for theſe ſciences, when conſidered generally, as well as 
geometry, undoubtedly admit of an endleſs variety of ſtandards. The ex- 
preſſions delivered in the preceding theorems are not only geometrical, but 
univerſally metrical; that is, they extend equally to geometry, and all the 
other abſtract ſciences in general. When they are conſidered, however, in 
the light in which J have endeavoured to exhibit them, a light, to the beſt 
of my knowledge, in a great meaſure new ; the tranſitions from them, in 
their geometrical forms, to their algebraic and numerical ones, are ſo natu- 
ral, ſo ſcientific, and ſo beautiful, that they cannot fail to furniſh the mind 
with the higheſt pleaſure, ſatisfaction, and delight, in thus pointing out, as 
it were, at one general view, the connection between thoſe different ſciences, 
and unfolding the reaſons of their various operations, from the ſame indiſ- 
putable and mathematical principles. 


THEOREM IV. 


Let the ratios of e to p, E to r, G to n, &c, have reſpectively, as in- 
theorem 3d, to the ratio of A to B, the ratios of 1 to x, L to u, x to o, &c; 


and let 2 be equal to . = + P.— + 7 + &c, — P, or equal to 


R — 2P. Then, 
Ift, ” * 5 2.— +>. — . _ =. =. I, 2 + Kc. &c. 
2d, 08 = v K ES A r ee eee. 
3d, ] . N ne | 
4th, or a 0, + —_ = — DR + c. &c. 


ſuppoſing c, D, E, &c, to repreſent the iſt, 2d, 3d, &c, terms; 


32 THE DOCTRINE Or 


oh AER A4LDE ERS $438 - 3 SR 4 
. A . A 3 3 
2 
e 1. _ —.— 1 
A 1 A „ 
2 B—A Z BA” Z — B—A 
7th, & a4 $33; 6284 + —..K, + —— + &c. &c, 
A 2Q_ A 3 
8th & 4 ES — — 2 11 — &c. 
9 | A Toa K 2 3Q A + &c &c. 
ſuppoſing 1, k, L, &c, to denote the iſt, 2d, 3d, &c. terms; 
2 2 2 2 
C42, % „ LLC HEE, 
gth, or — a ve MODES, "WAS... "ANT 
. 
B . 0 
2 2 2 3 
— — 1 8 — A 2 4 RO — Wu 3 
„ · T. 2 T. . Ce. OTE: 9 3 
10th, OT — 3 — — % 2 Q — „ — Ef— = — — 
2 — a TE: 
B N 
2 2 2 2 
— — the — o . —_ — 3 
S % d OE IDE Sond nnd IE LO Re 
7 POST ok. Gs * AT. QC IQ A3 
11th, or — — — — — 
Z—Q 
B N 
Z 2 2 2 
— — Ft — 12 RS PL — 4 
ERS, CS44.3 She "Ui Lips... ac — bY Ran + — &c, &c. 
B . A: <Q. "a. "AE HI} Ss | AT _ 
12th, or — — - 
zZ—Q_ 
B ET 
2— 0. | I 
Q Z BA , Z=Q B-A 2-20. B—A 
B 
— n Lo — 9 6 — . = C. Co 
13th, or a * (2 + Fo + — . — + * Ng + &c. &c.) 
: 1 
21 * | 
or &c. &c. | 
WM - 


4 2140. A 2 11 „ . 2-4: : 
„er . (a + QT fone oe * . + &c. &c. ), 
"= | | 
or &c. &c. either of thefe two, as well as each of the four preceding ones, 
producing a geometrical theorem, which, in one particular caſe, viz. when 


it becomes arithmetical, and is referred to 1, or unit, as the ſtandard, gives 
the binomial theorem. J 


9 


\ 2 - * 0 4. 
p * 4 F] * Tags ex = . * = 2 1 * 6% x 8 F - 7 
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TS: Z ＋ a. 2 T. 2 Q_ n „ Se, Q_ & 
Q — „ w — . w-,Y/ 2 W 4rt— — + « V « W + C. 
X y Q is "oy Gs — 5 Os 3 
th, or 5 2 
AC 
oſing v + W=B 
PP e+Q > a. — 
m < . « M Q N ＋ - &. 
RO 6th, „ 
opoſing 1 — * = 
* 2 4. ; 
9 $ _— — &c. &c. 
th, or — r + ). 


or &c. 


z+Q ER __ ; 
— Z+Q_ 8 : 2 ＋ . 2 8 d 5 z+Q_ 2 224. 
Q. * (a+ — . KX. — nom — —— FI + _e e 9 6 
Q A . A . 


has to B ſuch a ratio as has to the ratio ariſing from the decompounding 
of the ratios of o to p, EtoF,G to n, &c. or the compounding of their 
inverſe, the ratios of p toc, F to E, H to 6, &c, with the ratio of A to B, 
the ratio of P to , or has to B ſuch a ratio as has to the ratio of B to a, the 
ratio of z to Q., or has to a ſuch a ratio as has to the ratio of s to a, the 
ratio of z + Qto q. 
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The equality of theſe formulæ will occaſionally furniſh a great variety 
of very curious and uſeful theorems and corollaries. If for z there be put 
2 —Q, in them, we ſhall have expreſſions thence ariſing that have to A the 
ſame ratio which theſe formulæ have to 3. If the ratio of 3 to any other 
magnitude whatever u, of the ſame kind with a and B, be compounded 
with the ratio which any one of theſe formulæ has to n, expreſſions will 
thence ariſe, which have to that magnitude the ſame ratio that each of theſe 
formulz have to the ſame. If in theſe formulæ, when reduced to the ex- 
preſſions juſt now pointed out, which have to a the ſame ratio that they have 
to , for B there be ſubſtituted a, and for a, B, we ſhall get expreſſions, to 
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which B has the ſame ratio that they have to 83; a circumſtance which will 
likewiſe furniſh occaſionally an endleſs number of uſeful theorems and 
corollaries. It may not, perhaps, be unneceſſary to obſerve, that in each 
of the formule in theſe theorems, which, when conſidered as numerical, 
and referred to 1, or unit, as the ſtandard of compariſon, produces the 
binomial theorem, it is by no means neceflary that either A or B be divided 
into two magnitudes only, of the ſame kind with themſelves : for the ſame 
reaſoning holds good when A or B is a trinomial magnitude, or equal to any 
three magnitudes of the ſame kind; when either of them is a quadrinomial 
magnitude, or equal to any four magnitudes of the ſame kind; when either 
of them is a quintinomial magnitude, or equal to any five magnitudes of the 
ſame kind; and ſo on indefinitely. This binomial theorem, however, which 
the illuſtrious Sir Iſaac Newton derived from induction, and by no means 
from geometrical reaſoning, is only an arithmetical one, and in ſhort is no- 
thing elſe than a particular caſe of any one of the geometrical theorems de- 
livered above, when ſuppoſed to become numerical, or to be referred to 1, 
or unit, as the ſtandard of compariſon. But as the human mind is no leſs 
apt to judge in extremes, than to be in them, the admiring world readily 
aſcribed, as an invention, to Newton, whatever he happened to deliver. 
This has certainly been the caſe with the binomial theorem, which furniſhed 
him with the greateſt aſſiſtance on moſt occaſions, and which, however much 
it might be an invention on his part, without his knowing that it had been 
invented ſooner (a circumſtance I am naturally inclined to believe), was 
certainly diſcovered before he thought of it, as an ingenious and learned 
friend of mine (Dr. Hutton) has clearly and indiſputably made appear, in 
the Introduction to his Mathematical Tables“, which have long been in 
the preſs, and are ſoon expected to be publiſhed. 


T H E OR E M V. 


Let there be any number (#) of ratios, viz. A: B, C: D, E: r, G: R, &c. 
Then the magnitude which has to B the ratio of A to B, together with the 
magnitude which has to B the ratio that is produced by compounding the 
ratio of c to p with the ratio of A to , together with the magnitude, 
which has to B the ratio that is produced by compounding the ratios of c to 
p and E to F with the ratio of A to B, and ſo on for () terms to the laſt, or 


* Theſe Tables have been publiſhed ſince this was written. 
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144 „ + &c. to (#) terms is equal to 
1—1 C—D 1—2 E —F u—3 
inc . As + . . —— ME — . NPs = ; . —1) 
terms, 
1 —2 C—D E- 1 —3 c — b G—H 5 
+ . A * + &c. to (2-2) terms, 
+ _ T en r s =— jþ &. to (n—3) terms + &c. &c. to (1) term, 
+ Kc. &c. 
72 n A-P 221 C — 1 — 2 E —F 222 
Of, 9» «By  ÞÞ $.s 7 + : 2 „ : #8; 


G—H 


+ &c. to () terms, 


= 1 CE ARE ao were Bs —— + Ke. to (- 1) terms, 
B D 1 B 
. _ — — + &c. to (3-2) terms, 


+ — „ —— === þ &c. to (n—3) terms + &c. &c. to (1) term, 
1 — 2 — — — — A— B C-D 6 — 
+ . . . ... . - + &c. to (n—2) 
terms, 
+ 3, 3. .. + &c.to (#—3) terms + &c. &c. to (1) term, 
+ Tt , Bf 3 === + &c. to (#4—3) terms + &c. &c. to (1) term, 
23 A— C-D E-PF GCG-H 
=, B , . en + &c. to (u- 3) terms ＋ &c. &c. to (1) 


term, + &c. &c. 
—D E-—_F G-H 


wherein the number of combinations of — . 


, &c, taken one by 


one, with * is ＋.— 5 1 taken two by two with A, is 2.— : =, taken 


—1 222 2 — | 
three by three with A, is En i —— „and ſo on, and the number of 


C — D E—-F G—H 
combinations of the ſame, viz, - ·— · 


B, is —.— = „ taken two by two with B, 1 


, &c, taken one by one with 
. 2 L 


"0 -, taken three bythree 


155 * = and ſo on (theſe numbers, by theorem iſt, 


with B, 1s 


correſ W reſpectively to the next ſuperior orders of ſuch combinations, 
F 2 


— 
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in a magnitude, which is produced by compounding the ratios of c to p, 
E to r, G to h, &c, continued to the number () with the ratio of a to B). 


S C:-H .Q-L-I U..M; 


If for —, ===, ===, &c, in theſe expreſſions, there be ſubſtituted 
D F H 


— — — . . : 
=, = „D, &c, reſpectively, they will become equal to a + A. 
. «Fo H . 
= + A. —— + A. — + Kc. to () terms, or equal to A, together with 


the magnitude which is produced by decompounding the ratio of c to p, 
or compounding its inverſe, the ratio of p to c, with the ratio of A to B, 
together with the magnitude which 1s produced by decompounding the 
ratios of c to D and E to r, or compounding their inverſe, the ratios of 
Do to c and FtoE, with the ratio of a to B, and ſo on, for (u) terms.— 


From this theorem may be derived a great variety of new ones, as well as 


numberleſs inferences, almoſt of the moſt extenſive uſe in the management 
of many mathematical inveſtigations. Each of the formulæ in this theorem 


uy * 


— 
4 1 NH — 1 CD 221 22 CE—Z2CF DF 
IS alſo equal to * X (A + _ A. To — . A — 


D 3 DF 
n—T f—2 U—3 CEG—JCEH-+3ZCFH—DFH'" I | 7 
+ —-+ . . + &c. (— x nth, or laſt term 
n OT n—T n—2 


— — -ich term + — + n 2th term — + &c. + A)); in which 


all the terms after the one immediately preceding that which vaniſhes, or 
becomes equal to nothing, will occaſionally be left out, or diſappear. For 
this is the expreſſion in its perfect form, when each of its terms continued to 
the number () is equal to ſomething. This expreſſion is, truly and ftrialy 
ſpeaking, geometrical ; and in that particular caſe when it is ſuppoſed to be- 
come arithmetical, it gives Sir Iſaac Newton's theorem for the ſummation of 
{cries of numbers by means of their differences. The formulæ in the theorem 
itſelf will, however, be ſometimes found even more convenient than this.— 
And preciſely in the ſame manner with thoſe formulæ, and this expreſſion, 
may the aggregates of the firſt, ſecond, third, fourth, &c. differences of 
theſe magnitudes, and the aggregates of the firſt,” ſecond, third, &c. dif- 
ferences of theſe differences, and ſo on, be reprefented. 


ow 
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of A to B, and ſo on, for any number of terms (u), 


A 


+ aA 244.2 14 = + & 
OT A * * 5 +4 Co Ae 


is equal to each of the following expreſſions : 
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Let a have to B, a magnitude of the ſame kind with itſelf, any ratio what- 
ever; then A together with the magnitude which has to s the duplicate ratio 
of A to B; together with the magnitude which has to ; the triplicate ratio of 


A to B; together with the magnitude which has to B the quadruplicate ratio 


A—T 


NJ] 
B I 


. Ath, or 


— B _ AB — cn RET A— FE 
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61 1 4 CEE. 3 + HEE WET DE 0 OE wen. 8 1 + &c. N 
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F I N — I 
2 b 
Juppoſing D = 4a — B; 
1 2 7 1 — 1 . 1 1 —1 7—2 1 
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1 ＋1 2 * 2 3 + 2 3 4 1 e 1 ＋ 1 . 
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bb I 1 —1 i By 
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Ya P 2P 3P n+, P 
. 4 4 * a; She — . 
In like manner, A + 4 2 + A.—+ 1 4 . , 1s equal to 
2 pid " | n—1.P 
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P P 5 P | P I 
1 N 8 
7 AN —1 A B 1— 1 1—2 78 1 A — B 
T X (A * A 7 P Ys 3 "2 op D — + &c. —. A. = J; 
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any number whatever, even or odd. 


of as — — EY | m < 


or &c, &c. ſuppoſing v and & to be any magnitudes whatever, and (n) 
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n like manner A + Rot Aon PROT c. A. —— is equal to 
r + > * 4 AS - * * . . ol 
I 2 D 2 3 D | 2 3 4 D | 1 83 


is equal alſo to 


A A? A3 A 
B B B3 | 1 — 1 


1 44 ˙ 1 wy 427 


7 1—1 —2 1—3 : 8 =P 
* E. yn COT” + p 1 . -þ > . 3 . 4 Amar” T I; 
or &c. &c. and ſo forth. It is evident, from theorem 3d, that each of the 


expreſſions 1n this theorem, repreſenting the aggregate of all the magnitudes 


A A? 5 3 A—P 
of ATA. ＋T A. 2 + &. A. is equal to (— — A) = —, or is a 
B B | rt. B B 


fourth proportional to the difference of a and B, B, and the difference of 
the » +1 term and the firſt a. It is likewiſe manifeſt, that the average 


magnitude, or that of which a multiple by (2), the number of terms, is hk 
equal to the aggregate of the whole, is truly expreſſed by 


\ 3 | WT. 
A + A. + E — A. . + &C, — 4— 3 
13 B I 2 8 B I 2 $ --- 4 B 1 5 | RP 


or by the magnitude, which has to s the (uëπ ratio of A to B, with the co- 
efficients of its component terms, reckoned from the 1ſt incluſively, divided 


by the natural numbers 1, 2, 3, 4, 5, 6, &c. reſpectively; and that the 


magnitude, of which a multiple by (2＋ 1) is equal to the ſaid aggregate, 
is truly expreſſed by 


I 1 —1 2 11 1 N —-2 NN U-—T 2—2 1 ] I * 
B 4 3 D + — „ . D714 2. — . — . — . B 5 5 fic; . D 
3 38 1 8 13 +1 I 
— | — — — — — ., 
1 * ＋ 1 


or the magnitude, by which — B differs from the geometrical binomial =, | 
B 


(which has to B the (ach) ratio of A to B), with the co-efficients of its com- 
ponent terms, reckoned from the iſt incluſively, divided by the natura 
numbers 1, 2, 3, 4, 5, 6, 7, &c. reſpectively, and ſo on. That many 
very uſeful propoſitions and inferences may likewiſe be drawn from this 


theorem, it is almoſt needleſs for me to obſerve. It is alſo evident, that 
each of the expreſhons in this theorem, for 


or &c. &c. (7) being any number whatever, either odd or even. 
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41A. = + A. 5 + &c. to (n) terms is equal likewiſe to each of the fol- 


lowing ones : 
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Let (mn) denote any number; and (2) any number whatever, odd or 
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or &c. &c. ſuppoſing v and to be any two magnitudes whatever, 


Cor. 1. From this and theorem 6th, it plainly appears, that any ſuch 


geometrical expreſſion as A + A. 1 + A.= + &c. A. 
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Cor. 2. It is likewiſe evident, that any ſuch geometrical expreſſion as A. 
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Cor. 3. It is alſo manifeſt, that a fourth proportional to a, the expreſſion 
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- m—1 
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or &c. &c. and ſo on for other magnitudes, 


Cor. 4. It is likewiſe plain, that a fourth proportional to the expreſſion 
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(n being any even number whatever), are to one another as B + A, B — 4, 
B, and a reſpectively; and that each of the formulæ in this theorem, for 
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Let (2 and 4) denote any odd numbers whatever. Then the geometrical 
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or &c. &c. ſuppoſing v and Q to be any magnitudes whatever. 
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or &c. &c. and fo on for other magnitudes. 
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or &c. &c. and ſo on for other magnitudes. 
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; or &c. &c. and ſo on for other magnitudes, 
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and ice verſa; and ſo on for other magnitudes. 


r. 5. From the two preceding theorems, and this, it likewiſe appears, that 
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Cor. 6. It is alſo evident, that uppoling ® and r to repreſent any numbers whatever, 
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Almoſt numberleſs other corollaries or inferences might be drawn from a 
compariſon of theſe theorems, 
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In any ſuch teries of magnitudes as A + 4A. 2 = + A, 34 A V+ &c.= . 
(z being any number whatever) the ſum or 1 of their firſt differences is 


equal to a fourth proportional to ß, A U B (or the difference of A and B), and 
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42 222 . . . 
AF As. — + A. 1 + &C. A. —— „ or all the magnitudes in the ſeries except 
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the laſt, that is (by theorem 6) . 4 ; 29 + 
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that of the fourth is = 2 5 NR 1 * (A + = . 1 


), or &c. &c.; that of the third 
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f A — B 1⁴ 77, AB a 3 1 — 6 
4 1 I I 
3 4 —B I A- B 16 eee : 
PR”. + | * + &C. 7 „A. - . OT &c, &c. 3 and ſo on to the 2—1 differences, 


of which the aggregate is === = XA. 


THE multiplicity of buſineſs in an active profeſſion had induced the Author 
of this Paper to lay it aſide in its preſent form, when he was going to add to it 
many general and intereſting theorems; and having been juſt ordered abroad, 
he has thought proper to deliver it in its preſent ſtate, with the affurance of 
completing it hereafter. 
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